A systematic way of improving exchange-correlation energy functionals of density functional theory has been to make them satisfy more and more exact relations. Starting from the initial GGA functionals, this has culminated into the recently proposed SCAN(Strongly constrained and appropriately normed) functional that satisfies several known constraints and is appropriately normed. The ultimate test for the functionals developed is the accuracy of energy calculated by employing them. In this paper, we test these exchange-correlation functionals −the GGA hybrid functionals B3LYP and PBE0, and the meta-GGA functional SCAN− from a different perspective. We study how accurately these functionals reproduce the exchange-correlation energy when electron-electron interaction is scaled as αV ee with α varying between 0 and 1. Our study reveals interesting comparison between these functionals and the associated difference T c between the interacting and the non-interacting kinetic energy for the same density.
I. INTRODUCTION
Since the inception of density functional theory 1,2 (DFT) and its first demonstration 3 of the solution of Kohn-Sham equation 4 using the LDA 2 , accuracy of the exchange-correlation(xc) functionals has increased manyfold. Efforts in understanding and improving the xc functionals have been made by looking at exact properties satisfied by these functionals or associated quantities. Thus the accuracy of the LDA was first explained 5 in terms of the corresponding exchange-correlation hole satisfying the charge neutrality condition. An attempt to go beyond the LDA for exchange by incorporating gradient correction was first made 6 on dimensional basis and gave the gradient expansion approximation(GEA) for exchange.
The expansion was formally derived 7 by using the response formula of an electron gas. However, the corresponding Fermi hole 8 is unphysical 9 . Correcting deficiency of the GEA led 9 to the first generalized gradient approximation(GGA) for the exchange functional. Along similar line of thinking another GGA functional was proposed 10 that was based on the exact asymptotic dependence of exchange energy density far away from a system.
For the correlation functionals, the LDA was first given by Wigner [11] [12] [13] . It was later derived for high density of electrons by Gelmann and Brueckner 14 and gradient correction was given by Ma and Brueckner 15 . Accurate functionals were later constructed by parameterizing the Monte-Carlo calculations of Ceperley and Alder 16 and making sure that the high density limit of the correlation functional was reproduced. Further work on correlation functionals is that given by Langreth As is clear, the approach to developing functionals has been to start with the simplest functional given by the LDA, making gradient correction to it up the second order or the fourth order 21, 22 and then demanding that the resulting functional satisfy exact conditions for them. The results have been that highly accurate energies can now be calculated using density functionals developed over the past two decades.
Two highly accurate hybrid functionals 23 employing the Becke and the PBE functionals, respectively, are the B3LYP 24, 25 and PBE0 20, 26, 27 functionals. While the Becke functional used in B3LYP satisfies the exact asymptotic dependence of the exchange energy density, PBE functional satisfies 11 known relations. Recently a new functional SCAN 28 (strongly constrained and appropriately normed) has been proposed that satisfies 17 known properties and is appropriately normed. These three functionals are the focus of our study in this paper.
As accuracy of the functionals increases, so do the expectations from density functional theory to describe large range of phenomenon and provide other quantities also with the same accuracy as the energy. In this context, it has recently been noted that the densities themselves are not as accurate as the energies given by DFT 29 . Keeping this in mind, it is imperative that the investigations are done in testing the energy functionals from various perspectives and for different systems 30 . The work presented in this paper is our attempt in that direction. Here we test the functionals for simple spherical systems (atoms and jellium spheres that represent metallic clusters [31] [32] [33] ) via adiabatic connection 5,34-37 as the electron-electron interaction is varied for a system keeping its density unchanged. We compare the resulting curves with the exact results for two-electron systems and show how different functionals differ from the exact results. We then calculate difference T c in the kinetic energies of the true systems and the corresponding Kohn-Sham systems and show that it varies over a range of values for different systems and functionals. We then extend our study to larger systems using their HartreeFock density. We note that importance of adiabatic connection curves to aid progress in construction of energy functional was explored 38 in a study of such curves for two electron systems.
In the following, we begin with a description of adiabatic connection and its relationship 39 with the scaling relations.
II. ADIABATIC CONNECTION AND SCALING RELATIONS
Exchange-correlation energy for a ground state density ρ( r) in density functional theory can be defined 5, [34] [35] [36] [37] in terms of the many-body wavefunction as
with
Here V ee is the electron-electron interaction energy and Ψ α is the many-electron wavefunction that gives the density ρ( r) and is the ground state solution of the Schrödinger equation
where V α ext is the external potential corresponding to the scaled Coulombic interaction αV ee . Notice that the traditional quantum-chemical exchange-correlation energy is W α=1 xc . The quantity
is the difference between the exact kinetic energy of the true system and the non-interacting kinetic energy given by the corresponding Kohn 
where ρ 1 α is the scaled density given as
For completeness, we give the derivation of Eq. (4) An approximate functional may be thought of being the exact functional for an inter-electron interaction w( r, r ′ ) which could be different from the Coulombic interaction. However it should have the same dimensional dependence on | r− r ′ | as the Coulomb interaction in order that the relations used in this paper can be applied to it. The density ρ( r) employed in our study is that produced by solving the many-electron Schrödinger equation with an external potentialṽ ext ( r) which is also different from the true external potential. W α=1 xc is then given as
ij w( r i , r j ) andΨ is the solution of the Schrödinger equation for the Hamiltonian with the modified external potentialṽ ext ( r) and the interaction w( r, r ′ ). By constrained search,Ψ is the wavefunction that gives the density ρ( r) and minimizes the expectation value T +Ŵ . The corresponding W α xc is then
whereΨ α gives the density ρ( r) and minimizes the expectation value Ψ α |T + αŴ |Ψ α . With this understanding, we can obtain the approximate exchange energy W approx x
[ρ] and the kinetic component T approx c for a given exchange-correlation functional as
For a given approximate functional E approx xc
[ρ] and a given density ρ( r), the quantity W α xc can be calculated using Eq. (4) . Note that the value of W α=0 xc gives the exchange energy for the given functional while the W α=1 xc is given by Eq. (6) . Thus the corresponding kinetic energy 
III. RESULTS
In this section we begin by presenting results for the total exchange-correlation energies and W α xc for the functionals the B3LYP 24,25 and the PBE0 20 , and for the most recently proposed 28 SCAN functional. We first perform our study using the exact densities for two-electron systems of the He atom and H − ion and the Hookium atom 42, 55, 56 . This enables us to analyze the functionals for two different kinds of external potentials : The external potential for H − and He atom has − 1 r dependence whereas the external potential in the Hookium atom has r 2 dependence where r is the distance from the origin. After this, we extend our study to larger systems using Hartree-Fock densities. We show that the exchange energies obtained from different functionals are close to each other and the difference between exchange-correlation energies arises mainly from the correlation energy difference. This is further reflected in the numbers for the corresponding T c .
A. Results for exact densities
Shown in Table I are the results for the exchange and correlation energies for the He, H − and the Hookium atom. These energies have been calculated from the near exact semi analytic densities 55, 57 for H − and He and the exact density 42, 56 for the Hookium atom. We note that SCAN functional has also been studied 58 for Hooke's atom recently. It is observed from the Table that the exchange energy for all the systems comes out to be roughly the same for the three functionals. However, the SCAN functional gives slightly larger magnitude than the other two functionals. On the other hand, the correlation energy varies by a relatively larger amount among the three functionals with its magnitude being the smallest for the SCAN functional.
Next we employ Eq. (4) to obtain W α xc curves for the functionals being studied and compare them with the exact curves 57 . Since the exact part W α x of it is a constant equal to the exchange energy, we display only W Table  II . It is evident from Table II that T c can vary quite a bit from functional to functional. Although we have also given the percentage errors for each functional, these are not very meaningful because the exact numbers are quite small. We note that T c given by the PBE0 functional is closest to the exact values for H − and He while SCAN functional is nearly exact for the Hookium atom.
Having studied the functionals for small systems where the exact W α xc curve could be obtained easily, we now extend our study to larger systems using their Hartree-Fock or Hartree-Fock like densities. In this study, we are not able to calculate the exact W α c so the study is limited to a comparison of W α c curves for different functionals. This itself is significant because it brings out the differences between the three functionals.
B. Results for Hartree-Fock densities
In this section we calculate W α c curves and T c for systems with two or more electrons using their Hartree-Fock (HF) densities. We first present results for two-electron systems and show that these are similar to those obtained in the previous section from near-exact-wavefunctions. This gives us confidence to use HF densities for other systems too and to draw conclusions on the basis of that. In the following we presents results for atoms and jellium clusters. The former have external potential proportional to − 1 r all over the space while the latter have external potential similar to the Hookium atom in their inner region and − 1 r in the outer region.
Atoms
In Table I , we have also displayed the exchange and correlation energies of H − , He and the Hookium atom as obtained from their Hartree-Fock densities. It is observed that all the values obtained from the HF densities are nearly the same as those from the correlated wavefunctions. The same trend is observed for the values of T c obtained from the HF densities which are displayed in Table II with the exception of H − . We can therefore use HF densities for other neutral atoms studied in this paper and draw conclusion on the basis of that. Shown in Table III are the exchange and correlation energies for some spherical atoms obtained from their Hartree-Fock densities reproducing the results obtained earlier 28 . In our calculations we have used densities that are given by self-consistent numerical calculation 59 . The energies thus obtained are compared with their exact values. The trends observed in the values of exchange and correlation energies are similar to those in Table I . The exchange energies given by the three functionals are nearly the same while there is a large variation in correlation energies. While the B3LYP functional overestimates the magnitude of correlation energies, the PBE0 and SCAN functionals underestimate it and give values that are close to each other.
In Table V , we display the kinetic energy difference T c between the exact and Khon-Sham kinetic energies of the atoms studied in this section. It is observed that for all the atoms T c calculated for the three functionals differ. The B3LYP functional gives the largest value of T c and SCAN gives the smallest value.
Next we display in Fig. 2 the W α c versus α curves for Be, Ne and Ar. The curves have been obtained using the Hartree-Fock density for these atoms. We see that the PBE0 and the SCAN curves are close to each other while the B3LYP curve is below both of these. This is consistent with the total value of correlation energy displayed in Table III .
We conclude this section by looking at the exchangecorrelation energies of atoms. Combining the exchange and correlation results so far from the exact densities in Section A or from the Hartree-Fock densities in Section B, we calculate the exchange-correlation energy of the atoms studies so far and display them in Table IV . This is done to demonstrate the cancellation of errors between the exchange and correlation energies calculated using density functionals. It is evident that the SCAN functional give the best such cancellation of errors.
Jellium spheres
Having analyzed the functionals for atomic systems, where the external potential is proportional to − 1 r , we now extend out study to neutral jellium spheres. In these spheres N electrons are moving in the potential of a uniformly charged sphere of carrying positive charge N with its charge density given as for the metal whose clusters are represented by the jellium spheres. We have taken r s = 4 which is close to the value of r s for sodium metal. Thus these systems resemble the Hookium atom studied in the previous section. The density that we employ to calculate the exchange and correlation energies is obtained by solving the KohnSham equation for these systems employing the HarbolaSahni exchange potential 61, 62 . The resulting densities are known to be essentially the same as Hartree-Fock densities.
Shown in Table VI are the exchange and correlation energies per electron for the magic clusters with N= 2, 8, 18, 20, 34, 40 and 58 . These are spheres with full occupancy of orbitals and represents magic clusters 31 . It is evident from the Table that the exchange energies per electron given by the three functionals are almost the same and close to the exact ones. On the other hand the correlation energies per electron vary quite significantly among the three functionals with the SCAN energy lying between that given by the B3LYP and the PBE0 functionals. The difference in the correlation energies arising from the three functionals is similar to that for atoms but is more accentuated in the clusters. These energies are compared with the exact correlation energies for these systems calculated 53 using Monte-Carlo methods. We observe that the SCAN functional gives results closest to the exact values of energy per electron. As the sphere size grows, the PBE0 and SCAN values become close. The energy results farthest from the exact values are those for the B3LYP functional. This is expected since LYP functional is based on Colle-Salvetti 63 ansatz that does not satisfy certain exact conditions 64,65 and therefore does not give 65 correlation energy per electron correctly in the limit of homogeneous electron gas.
To show cancellation of errors, as done for atoms in Table IV , we show in Table VII the sum of exchange and correlation energies per electron for jellium spheres. Again we find that the SCAN functional gives best error cancellation between exchange and correlation energies of these systems. Table VIII , we show T c as calculated from Eq. 3 for these clusters. Again trends are similar to those for the atoms but on a larger scale. However, PBE0 and SCAN functionals give results that are close to each other. We note that T c per electron for the bulk is 0.0082 a.u. (This value is obtained by using the virial relation 54 ) and all three functionals differ from it significantly.
Next in
In Fig. 3 we show the W α c curves with respect to α for densities of spheres with N=2, 8, 20, 34, 40 and 58. It is seen that the curves for the PBE0 and SCAN functionals are very close and differ significantly from the B3LYP curve. For the N=2 sphere, the curves show a trend similar to that for the Hookium atom.
IV. SUMMARY
In this paper, we have calculated the exchange and correlation energies for spherical systems with different forms of the external potential by employing the B3LYP, PBE0 and SCAN functionals and compared the results. To get further insight into the functionals, we have also plotted the W α c curves as a function of α for the three functionals and extracted from it T c − the difference between the exact and Kohn-Sham kinetic energy − for these functionals. Our study indicates that these functionals are accurate and give similar results for the exchange energies but can differ significantly in their values for the correlation energies and T c . The differences are large for jellium spheres where the electron density is more spread out. We believe that our study nicely brings out the difference among the three functionals and will aid in analysis and development of newer functionals.
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APPENDIX
In this appendix we give details of how Eq. (4) of the text is obtained using scaling relations. The derivation is essentially a detailed reproduction of the scaling arguments of Levy and Perdew 39 . The exchange-correlation energy for αV ee interaction is calculated through the Hellman-Feynman theorem as 
and gives the density ρ( r). Notice that V α ext depends on α such that the density given by Ψ α remains the same irrespective of the value of α. Now take r = λ z to write Eq. (10) as T ( z) 
From the definition of exchange-correlation energy, the right hand side of Eq. (15) 
